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1. INTRODUCTION

The problem of the two-dimensional elastica is well known; see, for example [I, 2, 3].
As the load applied to an elastica increases, the elastica takes on a sequence of shapes
as shown in Fig. la; also, see Fig. 2.30 of [I]. For large values of the load, the resulting
shape of the elastica (nelgecting any out-of-plane effects) can be considered as one­
half of a loop configuration as shown by the broken lines in Fig. la. The loop config­
uration is often used as a test configuration for the determination of the strength of
small diameter fibers (of a few microns in diameter). The test consists of torsionally
twisting a fiber one turn and then allowing the ends to move in enough so as to "snap­
in" a loop. The ends of the fiber are then pulled apart by increasing load and in so
doing the dimensions of the loop decrease; see Fig. lb. Measurements of the size of
the loop then provide information on the maximum strain and stress in the fiber material.

The purpose of this paper is to show how solutions obtained from an analysis of the
loop configuration can be carried over to the analysis of the elastica for large values
of load. In so doing we obtain a number of simple and interesting analytical results for
the elastica and for the loop geometry. In particular, we obtain some simple asymptotic
solutions for the shape of the elastica for large loads by deriving a correction to the
solution from the loop geometry. Further we present a number of additional results for
the elastica which are useful for large deflection analysis. Finally, we note that the
method can be used for the large deflection analysis of a cantilever beam with a trans­
verse end load [3-5] and we give the asymptotic results for this case.

2. FORMULATION

We consider an inextensible linearly elastic beam of length L under a load T, Fig.
1a. The differential equation for the deflected shape of the beam can be written in the
form [1,6]

"''' = -x sin "', (1)

where '" is the tangent angle to the deformed shape, primes are differentiation with
respect to the nondimensional distance (s/L), s is the distance along the undeformed
beam, A is the nondimensionalload parameter equal to (TL 2/D) and D is the bending
stiffness.

The boundary conditions are

"'(0) = 0; ""(1) = 0 (2)

and the shape of the deformed beam is determined by integration from

x' = cos "'; y' = sin "'. (3)

Equations (1)-(3) were integrated numerically using a finite-difference boundary
value formulation with a Newton-Raphson scheme for the nonlinear correction. The

t Dedicated to Professor Eric Reissner on his Seventieth Birthday.
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(a) Elastica

(b) Loop test

Fig. t. (a) Geometry of the elastica under increasing load. (b) The loop geometry.

results of the calculations are shown by the solid curves in Figs. 2-4. In these figures
we show as a function of load the geometric locations of a number of points along the
elastica as well as the end point angle and maximum bending moment. For example.
Xn • Yn are the coordinates of the end point of the beam; XL. YL are the coordinates of
the point on the beam at which'" = (11'/2); YTL is the Ycoordinate of the beam at which
X = 0; "'n is the angle at the end point; and, Mmax is the maximum bending moment
in the beam. A number of cross-plots can be obtained from these curves. for example.
Mmax vs XL. which would show the maximum moment as a function of a loop diameter
for loads greater than 3.6 approximately. The results for "'n. Xn and Yn agree with those
given in [7. Fig. 46].

From these numerically obtained results for the elastica. we see in Fig. 2 that once
the load exceeds 3.6 approximately. the elastica starts to form into one-half of a loop.
This suggests that it may be possible to think of the elastica solution for large values
of the load in terms of the solution for a loop configuration.

To do this. it is first convenient to rewrite the equations (1)-(3) in terms of a new
independent variable Tl = '\!'XC. In terms of Tl. the equations become

"," + sin'" = 0; "'(0) = 0; ""(~) = 0 (4)

where now primes indicate differentiation w.r.t. TJ.
In this formulation we are seeking the function "'(Tl) in a domain whose size depends

upon the load A. If A- 00 then the load does not appear explicitly in the equations nor
in the boundary conditions. In this case, the geometry is that of a loop in which "" (oc)
= 0 with "'(00) = 11'; see [8] and a related discussion in [2, Section 1.4].
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curves. Approximate solutions. see text. shown by dashed lines.
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The solution in this case, with h ..... 00, is

(1js/2) = sin - I (tanh 21])
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(5)

and the equations for the shape of the beam follow from (3). Upon integration of the
y equation we find

y = 2[1 - cos(Ijs/2)]1~

from which it follows that as Ijs ..... 'IT, 1] ..... 00, and

Y = YN = 2/~

where YN is the asymptotic value of the Y coordinate as 1] ..... 00. When Ijs = ('IT/2) ,

Y = YL = 0.5858/~.

Upon integration of the x equation, we find

[
Vi - V(1 - cos Ijs)]

2~x = In Vi + V(1 _ cos Ijs) + 2VO - cos Ijs).

Again at Ijs = 'IT/2 we find

x = XL = 0.5328/~

and the loop dimension ratio is

(YTL/2xTL ) = 1.34.

(6)

(7)

(8)

(9)

(10)

(11)

These results are in agreement with those obtained in [8, 9].
Finally it follows that Mma" = DIjs'(O) = 2~ from which it follows, for example,

that

(12)

The results obtained above from the limiting case of a loop geometry agree closely
with the corresponding results obtained from the elastica when h ~ 9. Figures 2-4
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Fig. 3. Angle at end point of the elastica and maximum bending moment as a function of the
applied load ).; solid curves. Approximate solutions, see text, shown by dashed lines.
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show the above results as dashed curves. The agreement between the results is in fact
surprisingly close.

This close agreement suggests that it should be possible to obtain even better agree­
ment by obtaining an asymptotic correction to the results of the loop geometry which
will be applicable to the elastica for large values of load.

To do this, we write the solution for 1\1 in terms of the solution from the loop geometry
in the form

(13)

where 1\10 is the solution for the loop geometry given by (5). The equations for <I> are

1\10 + $" + sin(l\Io + $) = 0

<1>(0) = 0; <I>'(~) = -l\Io(~) == e.

Since E is small, we look for a solution in an expansion of the form

where we assume e$o ~ I, and retain only the first order system:

(14)

(15)

<1>0 + cos 1\10$0 = 0; <1>0(0); <l>o(~) = 1. (16)

We note that the equation for $0 is a linear system in which 1\10 = l\Io('Tl) is known from
the loop configuration solution.

It follows that after a little algebra upon rewriting the independent variable as 1\10 in
the differential equation that the solution satisfying the boundary condition at 'Tl = 0,
1\10 = 0 can be written in the form

<1>0 = C[tan(l\Io/2) + 'Tl cos(l\Io/2)]. (17)

The constant C is determined from the boundary condition <l>o(~) = 1 at l\Io(~) =
I\ION.

Once the solution <1>0 is found, corrections to the 1\10 solution can be found. For
example, the angle at 'Tl =~ is

I\I(~) = l\Io(~) + e<l>o(~) + ...
= l\Io(~) - 1\I00~)<I>o(~) + ...

y

~'

'Xo('{7il, Loop geome';;;',:-y------

-0.8

(18)
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Fig. 4. Displacement in x direction of end point of the elastica as a function of applied I~ad
>.; solid curve. Approximate solution shown by dashed curve; eqn (23) agrees closely with

elastica solution as shown.
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or

• /\ • /\ [ sin 1/10 + 2~ cos3(1/1o/2) ]
( v A) = o( v A) - 2 .

1/1 1/1 3 + cos 1/10 - ~ sm 1/10 cos(I/Io/2)

where

I/Io(~) = I/IoN = 2sin - I (tanh 2~).

A further simplification for large loads is possible if we note that approximately

25

(19)

where EI is the deviation from the limiting value of I/ION = 1T and is a known function
of the parameter A; upon expansion of the solution for I/ION we obtain the expression
for EI.

It follows that

(20)

The corresponding expression for the tip displacement is

(21)

Finally the expression of XN can be obtained in the form

XN = XON - (EI~)C [3; - ~ sin(I/Io/2) + ~ Sin2(1/1o/2)] . (22)
'1 - VA

An approximate expression for XN follows upon expansion in the form

(23)

The results for XN, YN, and I/I(~) given in (23), (21), (20) are plotted in Figs. 2-4
and the agreement with the numerical solution is very good down to loads as small
as A = 4. In fact the approximation for XN is in close agreement down to A = 3; see
Fig. 4.
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Fig. 5. Solutions for end point displacements and end point angle of a transversely loaded
cantilever beam from Ref. [2, 4], solid curves, and approximate analytical solutions shown

by the dashed curves.
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Finally if we consider the problem of the cantilever beam loading with a transverse
load,

1jJ" = -A cos IjJ

we find that the analysis for the elastica can be used if we let IjJ - IjJ + -rr/2. We do
not show the details here but the results are shown in Figure 5 which shows the curves
of Bisshopq and Drucker [4] and those from [2, Fig. 2.4] and the approximate asymptotic
results. Again the results are in close agreement.

3. CONCLUSIONS

A number of simple results for the elastica and for the cantilever beam for large
values of applied load have been obtained. The method used was to correct by means
of an asymptotic expansion the solution for the loop geometry which can be considered
as the limiting case of an infinite load for the elastica. The results should be useful for
the analysis of large deflections of very flexible beams and filaments.

Acknowledgement-Part of this work was supported by a grant from the Materials Research Laboratory
(NSF) of the Department of Polymer Science and Engineering of the University of Massachusetts, Amherst.

REFERENCES
I. S. P. Timoshenko and J. Gere. Theory of Elastic Stability. 2nd Edn., Section 2.7. McGraw-Hill, New

York (1961).
2. R. Frisch-Fay, Flexible Bars. Butterworths, WaShington (1962).
3. D. G. Ashwell, Nonlinear problems. Chap. 45 in Handbook ofEngineering Mechanics. 1st Edn. McGraw­

Hill, New York (1962).
4. K. E. Bisshopq and D. C. Drucker, Large deflection of cantilever beams. QAM 3, 272-275 (1945).
5. F. H. Hummel and W. B. Morton, The large deflection of thin flexible strips and the measurement of

their elasticity. Phil. Mag., Ser 7,4,348-357 (1927).
6. E. Reissner, On one-dimensional finite-strain beam theory. ZAMP 23,795-804 (1972).
7. L. E. Andreeva, Elastic Elements of Instruments. ed. V. I. Feodosev, trans. from the Russian. Israel

Program for Scientific Translations, Jerusalem, IPST Cat. No. 2152 (1966).
8. D. Sinclair, A bending method for measurement of the tensile strength and Young's modulus of glass

fibers, J. Appl. Phys. 21, 380-386 (1950).
9. E. L. Thomas, R. J. Farris, and S. L. Hsu, Mechanical Properties vs Morphology ofOrdered Polymers.

Vol. III, pp. 127-133. AFWAL-TR-8o-4045, Polymer Science and Engineering, University of Mass.• Am­
herst (1982).


